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Abstract

Inthis paper, the perturbed continuous-time interconnected system with time-delay is represented by an equivalent
Takagi-Sugeno type fuzzy model havingrules for each subsystem. Based on Lyapunov stability theorem and
Razumikhin theorem, the nonlinear decentralized state feedback fuzzy controllers are proposed to stabilize the
whole perturbed fuzzy time-delay interconnected system asymptotically. Under using this nonlinear controller, the
design methods only consider theuzzy rules rather tharny x r; rules for each subsystem, that is, we can remove
the negative effect of the coupled terms. Therefore, these approaches can be less conservative. Moreover, if all the
time-delays of each subsystem are the same for all rules, we shall propose less conservative criteria. These criteria
do not need the solution of a Lyapunov equation or a Riccati equation. We also do not need to find a common
positive matrixP to satisfy any inequality. The so-called “matching condition” for the interconnection matrices
and perturbations are not needed. Finally, a numerical example is given to illustrate the control design and its
effectiveness.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Large-scale interconnected systems can be found in many real-life practical applications such as
electric power systems, nuclear reactors, aerospace systems, economic systems, process control sy:
tems, computer networks, and urban traffic network, etc. Therefore, many researchers have paid a
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great deal of attention to design the decentralized controller to stabilize the large-scale systems, such
as[9,13]. Moreover, there are few studies concerning with the stabilization control for the nonlinear
interconnected systeni,2]. On the other hand, it is well known that time-delay is often encountered in
various engineering systems to be contro[le@].

In recent years, fuzzy control or fuzzy system has attracted great attention in academic research and
industrial application. The stability and stabilizability issues of fuzzy system have been studied by a
lot literature[3,5-8,10-12,14,15]Takagi and Sugeno et 4lL0,15] proposed a kind of fuzzy inference
system so-called T-S fuzzy model. &, decentralized fuzzy model reference tracking control design
method for nonlinear interconnected systems has been propoggd]biRef.[7] is concerned with the
stability problem of fuzzy large-scale systems. R&ffproposed some stabilized control laws to eliminate
the coupled models. The pad8t5] proposed a necessary and sufficient condition for stabilization, the
discrete-time fuzzy control system. The pafi?] considers the stabilization for T-S fuzzy time-delay
systems by using state feedback controller.

In this paper, the problem of decentralized stabilization of fuzzy time-delay interconnected systems
with nonlinear perturbations is considered. We design the nonlinear decentralized state feedback fuzzy
controller to stabilize this system robustly. Due to using this nonlinear controller, we can reduce the fuzzy
rules’ number of each closed-loop subsystem fignx r; to r;. In other words, we can eliminate the
coupled term (i.er K" foralll # m) to relax the stabilized criteria. In the pag&#], the decentralized
PDC fuzzy controller is considered to stabilize the same system. However, the design methods of the paper
[14] must include the influence of the coupled terms. In general, the coupled terms do create difficulties
in design and computations.

Some notations are defined here firgk|| means the Euclidean norm of the vectar |A]]
means the spectral norm of the matixMoreover, the matrix measure of the mathixs defined as
u(A) = Imax(AT + A)/2).

2. System description

Consider a nonlinear perturbed time-delay interconnected syStemmposed ofN subsystems
Si,i =1,2,..., N. Each rule of the subsystesh can be represented by a T-S fuzzy model as follows
[11,14,15]

If zi1is Fl.l1 and...and ziy is F!

Sl . 1 ! " N (1)
) Then (1) = Abxi (1) + Bjui (1) + 3 Ajx;(t — =, (1)) + f] (xi (1), 1),
At :

i=12...,N;1=12 ...,r,,wherex;(t) € R", u;(t) € R™ are the state and control vectors of the
ith subsystem, respectivelyfq (g =1,2,...,n)andr; represent the linguist fuzzy variables of the rule
[, and the number of the fuzzy rules in subsystemespectively; and; () = [z;1, zi2, - - ., Zin] are some
measurable premise variables for subsysﬂanﬂﬁ and Bf denote the system matrix and input matrix
with appropriate dimensions, respectivelf;j/.(t) € R+ andAfj € R"*"j represent the time delay and
the interconnection matrix between ttle and thgth subsystems;; (1) = y; (), t € [—z, 0], rﬁj ()<,
fori,j=21,2,...,N,1=12,...,r;y;(t) is the initial condition of the state. The vectg‘r(x,- (0, 1)
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is a nonlinear perturbation. All the subsystems satisfy two assumptions:
(A1) All pairs (A, B!) are controllable.
(A2) For eachf!(x; (1), 1), there exists a constaht > 0 such thaf] f/ (x; (), 1) | <bll|x; (1) |-
If we utilize the standard fuzzy inference method, i.e., a singleton fuzzifier, minimum fuzzy inference,
and central-average defuzzifiet) can be inferred ad 1,15,14j

ri N
£i(1) =) hiig() § Ajxi() + Bjui (1) + Y Alxj(t — <,(0) + £l (xi(0). 1) ¢ 2

=1 j=1
where

h (zig(1)) = M

» - wj(ig () = min(Fy, (zig (1)). (3)
121 w! (2ig (1))

Fl.lq(z,-q(t)) is the grade of membership of, () in Fi’q. Itis seen thaw! (z;4 (1)) >0, I = 1,2,...,r;,
ri

forall 7, and" hl(zi4 (1)) = 1.
=1

3. Stabilization of fuzzy time-delay interconnected systems

In this section, the decentralized control scheme and the fuzzy control approach are employed to design
the nonlinear controller. Let thiegh nonlinear fuzzy control law correspondingSobe of the form

T Vi
- ( 1! B! x; (t)) (Z hix] (1) B{Kx; (f)>
1 =1

=

; : - , (4)
(z hgxlT(z)B;) (z hiB! x; (t))
=1 =1

ui(t) =

in which, for convenience, we use the briefness notdtjdn denotehf(z,-q(t)) in (3). Itis noted that this

control law is continuous and can be defined;ifig) # 0 such tha Z hfxiT(to)Bf) (Z hﬁBfo,- (to)>
=1 =1

= 0. Because o Z:lhﬁBfoi(t)> — 0 (i.e, u;j(r) — 0) whenx;(t) — x;(f0) Vi. Due to
di i, T e

(Z hl x] (z)B,?) (2 h; B] x,-<z>> = w@@) x wi@) = llwe@)|? if exists ax; (o) #
=1 =1

ri ri
0 such that(ZhﬁxiT(to)Bf) <l;h§Bfoi(to)) = lw(x;(t0)> = 0 thenlw(x;(1)| = O (i.e.,

=1

(rz BBl x; (to)> = 0,u;(t0) = 0).
=1



194 R.-J. Wang / Fuzzy Sets and Systems 151 (2005) 191-204

From ) and @), the closed-loop fuzzy subsystem becomes

(z B!, (;)) (2 hix] (1) B K| x; (r))

=1 =1

(& maTws)) (S p )
=1 =1

i
4=y bt Alx(t) — B!
=1

N
+ Y ALx (=) + fl )0 ¢ (5)
j=1
Before proceeding to the main results, a lemma must be introduced first.

Lemma 1 (Davison[4]). For any two matrices X and Y with appropriate dimensiae have
XY +Y"'X<eX" X + 7Yy, (6)

for any constant > 0.

Now, we are in a position to state the first theorem.

Theorem 1. Consider the perturbed fuzzy time-delay interconnected systenfly one selects the
controller gain Kl? to satisfy(7), then the overall closed-loop fuzzy time-delay system composed of N
subsystens; (5), is stabilized asymptotically by the nonlinear fuzzy contragr

N N
,uflM < — |:§ + b,'i| — M; ®; (7a)

i

i f Ax; (to) # O such that (Z hﬁBfo,- (to)) — O then VI such that
=1

ht 0, x (10) B K ! x; (t0) = 0. (7b)

N . .
in which i), = mlaxu(Gﬁl), Gl = (Al — BIK!), b; = mlaxbf, & = rr}r?leAlji AL My = mlale?,
and M} is the number ofi}; # 0,fori, j =1,2,...,N, [ =1,2,...,r;.

Proof. Let the Lyapunov function for the closed-loop systespl{e as follows:

N N
V=Zoc,—x;rxi=ZVi(x,~), i=12,...,N. (8)
i=1 i=1

whereo; > 0 is a constant scalar to be determined later.
ri T
Casel: (ElhﬁBf X; (to)> £0

N
V = Z{fc;rocix,' + x;roci)'c,'} (9)
i=1
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T

N
o 3 | Alxi + Blui + Y Abxj(t — 1, 0) + fl @) | x

J=1

j=1

N
+xiT |:Aﬁx,~+Bl.lu,-+ZAfjxj(trfj(t))—i-fil(x,-) ,

Letting G = (A! —
N i
V<2

i=1 | [=1

N
.
Ry | i (AL 4 ADx; + 20 Y " ALx (0 — 1 (0) + 204 ] (x0)
j=1

rl i
. (Z B!y (t)) (Z h!xT (1) B! K x; (r))
—2y (Z hﬁxlTBf) = =

=

1

ri ri
<Z hlxT (z)Bl?) (Z ;e (z))
=1 =1
B!K!) and using Lemma, and assumption (A2), then we have

;
hlix! (G + Gihxi + MloPxTxi + 20x] 1 (x)]

171771

rj N
.
+ DG Y (= T ) AT Al — (1)
=1 j=1

Let s > ®;, then we
N ri
VoY

i=1 | [=1

have

R 120 10 (GMDx T xi 4 MLo?x] x; 4 2046 x ] x1]

171771

rj N
+ Y Vi — 7))
=1 j=1

By using Razumikhin theorem, if there exists a réal 1 such that

Vilxi(t = 0)] < oVilxi(1)] for 6 € [0, ],

then

>

120 w(GY) + o2 M + 6 Noy + 200015 x; }

hg[za,’,uf»lM + ocl-zMi + 0 No + thibi]x;rxi} .

195

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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Defineg; () = [2u !, + «?M; + 6 No; + 20;b;]. Take the derivative of; () with respect ta; and

set it to be zero, then we obtain

N
— (uﬁlM +0- + bi)
= , 17
% M; (7

It is seen that the valug in (17) force g; («;) to be minimum. Therefore

2
N
N | n — <uflM + 55 + bi) N
V< Z th xiTxl- =— Zr/[xiTxi. (18)
i=1 i=1

=1

M;

N . .
DefineQ(s) = — (H?M + 55 + bi) — M;®;. If Q(5) > 0 hold for alli, thenV (x(r)) < 0. Thus, the

whole closed-loop fuzzy time-delay interconnected system is asymptotically stalFla).hb{ds, that is,
Q(1) > 0, then by continuity, there is&= 1 + ¢ with ¢ > 0 sufficiently small such tha®(s) > 0 for
all i. In other words, if 78 holds, there exist positive constanis i = 1, 2, ..., N to satisfy (L8).

Case2: (Z hﬁBfo,- (to)> = 0 andx; (10) # 0.
=1

N ri N
Iy [2 h! [a,-xlT(Gng + Gxi + 20x] 30 AL xj(r — 1 (1) + zaix,Tfl.’(x,-)“ < 0, then the
i=1|I=1 j=1

ri N
condition (7b) leads to 3 {3 hﬁoc,-xiT(to)(AﬁT + ADx; (t0) + 20x] (t0) Y- Af»j.xj'(lo — rﬁj (o)) +

N
i=1 |1=1 j=1

20;x (10) f (x; (xo))} < 0 thenV (x(9)) < 0. The proof is completed here. O

Remark 1. In Theoreml, uflM must be negative. It is seen that the allowable perturbation bounds are
relevant to the number of} # 0 (i.e., n}a>d\/[l.’), the value of EnlaquljiT ALl andgd, . Therefore, the

system can tolerate a larger perturbation bounds if the valu%‘pfs more negative.

Remark 2. In Theoreml of paper[6], the system must be restricted to SIMO models. But, we can
remove this restriction in Theorefnof this paper. Next, pap¢6] only considers the general T-S fuzzy
system without delays and perturbations. However, we consider the T-S fuzzy interconnected system
with delays and perturbations.

Remark 3. If system §) without time delay (i.e.;ﬁj (r) = 0), then the criterionq@ of Theoreml can

N T
]gl Ajl. Ajl. .
If Bl? = g/ B; andg; > 0Vi, [, then the sufficient conditiorvp) of Theoreml can be removed.

be simplified toil,, < —[/M;®; + b;], whered; = max
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Corollary 1. Consider the perturbed fuzzy time-delay interconnected systen1yaih Bl.’ = g/B;.
If one selects the controller gaiKif to satisfy(7a), then the overall closed-loop fuzzy time-delay system
composed of N subsystein(b), is stabilized asymptotically by the nonlinear fuzzy contra{gr

ri ri
Proof. According to @), we haver! >0and" il = 1.1f 3x;(to) # Osuchtha{ 3 hﬁBl.’Txi (to)) =0,
=1 =1

ri
thenwe have8 x; (to) = 0orx/ (19) B; = 0, Vi. Because o<
=

T i
hi B! x; (m)) = (Z h' g Bl x; (to)) =
1 I=1

(B,-sz' (o) x 3 h§g1> and h'g # 0, such that if(zl thfo,- (to)) = 0 thenB/x;(10) = 0 or
=1 =1 I=1

x] (to) B; = 0Vi. Due tox] (o) B'K'x; (t0) = (x] (to) B;) x (g1K!x;(t0)), if B x;(to) = 0 orx (10)B; =

0 thenx] (t0) B! K!x; (o) = 0. In other words, if x; (tg) # O such tha(lgl:lthfoi (to)> = 0, then we

haveh! # 0, x[(to)B!K!x;(t)) =0. O

If all the time-delay&ﬁj (t) are the same for all rules (i.eéy (t) = 7;; for all / andz;; is a constant for
i, j=12,..., N),we shall propose the following theorem which is simpler and less conservative than
Theoreml.

Theorem 2. Consider the perturbed fuzzy time-delay interconnected systen{1$ \wih rﬁj(t) = 1jj

for all /. If one selects the controller gaikil.’ to satisfy(19),then the overall closed-loop fuzzy time-delay
system composed of N subsysten(b) with rﬁ () = 1ij, is stabilized asymptotically by the nonlinear
fuzzy controller(4).

b, < — [ M; ®; +b,-] (19a)

if 3xi(to) # Osuch that (Z hﬁBl-lTxi (to)> = Othen VI such that

1=1
ht #0, x (10) B K ! x; (to) = 0. (19b)
. _ . N T
in whichl!, = mlaxu(Gf’), b = mlaxbf, ®; = Zl Sii|l, Sji = m[axA’jl. ALy andM; = m[afo, and
J:

M!is the numberoﬁ\ﬁj £0,fori, j=1,2,...,N, 1=1,2,...,r.
Proof. Let the Lyapunov function for the closed-loop systésnwith rﬁj (t) = 7;; be as follows:

t

N N
V=t + Y [
i=1 j=1

whereo; > 0 is a constant scalar to be determined later.

N
X[ (O)S;jx;0)d0t =D Vi(x;), i=12....N, (20)
i=1

1—1jj
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=

i

Casel: ( h! B! x,(to)) £0

=1

N N
. T T, = T T
X; 04X + X; o X + E ijijx]'— E xj(t—Tij)Sijxj'(t—T,'j) (21)

V=

M= LM

[
iR

Zhl aixT (AT 4+ ADx; + 20 TZA Xt — 1) 4 20x] f )
=1 j=1

3 hlBl X (r)) (Z hixTB'K!x; (z))
(2 hﬁx,T(t)Bf) (Z W By, (r))
=1

=1

: (&
+Zx}-Sijx]' (Zhl TB )
j=1

N
- ZxJT(t = 1) Sijxj(t —Tij) ¢ - 2

j=1

Letting G = (A! — B!k!) and using Lemma4 and assumption (A2), then we have

N ri
V< Z [th[Zai,ui(Gél)xiTxi Mllocl X; Xi + 2<xlblx x;i]
i=1 li=1

rj N
T
33T e, At~
J

rj N N

+ Zhlj xiTZSjixi — Zx;r(t —1ji)Sjixi(t — 1)) . (23)
=1 = j=1

LetS;; > maxAl/. L, then we have
N
vy {Zhl (2011, (G xT x; 4+ Myolx] xi + @ix x; + 2o<l-b§x,Tx,-]} (24)

i=1 U/=1

N

Z[Zhl Za,ulM—l—oczM + &; + 20;b;]x; x,}. (25)

i=1

Defineg; (¢;) = [20; ul v T aczM + &; + 20;b;]. Take the derivative of; (o;) with respect ta; and set it
to be zero, then we obtaln

— (i, + by)
= A (26)
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It is seen that the valug in (26) force g; («;) to be minimum. Therefore

N ri 1l 2 ¥ N

. —(wh, + bi)c+ M; d;

V< E I E hf|: M ]Vl[ e xl-Txi =— E nixl-Txi. (27)
i=1 Li=1 ! i=1

If (199 holds, there exist positive constanis i = 1, 2, ..., N to satisfy @7).
Ti
Case2: (Z hﬁBfoi (to)) = 0 andx; (10) # O.
=1
The proof of case 2 is similar to that of Theordmirlhen, the proof is completed here.O

If B} = g;B; andg; > 0Vi, [, then the sufficient conditiorl@b) of Theorem2 can be removed.

Corollary 2. Consider the perturbed fuzzy time-delay interconnected systen{1$ aith Bf = g/B;
and rﬁj(t) = 1;;. If one selects the controller gaiK} to satisfy(199), then the overall closed-loop
fuzzy time-delay system composed of N subsy&t€®) with Bf = g/B; and rﬁ () = Tij, is stabilized
asymptotically by the nonlinear fuzzy control(dj.

Remark 4. Itis obviously, the criteria of Theorenis?2 of papef{14] are more conservative and complex
than the criterion199. Next, the methodflL4] also need many computations because they must include
the negative effect of the coupled terms (i&},, ¥/ < m). However, the criterion1(9b) also brings

another restriction. But, Corollarg shows that these restrictions can be removeﬂf i= g/B;. This
assumptiorBl? = g;B; can find some practice systems, suclilds16]

4. An illustrative example and simulation

Example. Consider an interconnected systSmomposed of three fuzzy subsysteshas
Subsystem 1:
Rulel: If x11(¢) is aboutO andx12(¢) is aboutO,

3
. -3 8 0.8
Then i1(t) = [ A _5i|x1(t) + [0‘8] up+ Yy ALt — o3 (0) + ffxa@). 1)
j#1
Rule2: If x11(¢) is aboutO andx12(¢) is about+1,

. 4 5 0.9 ., )
Theniy(t) =| 5 o |x@®+]| gg|ur+ ) AL —5;0) + ff®). 0.
j#1

Rule3: If x11(¢) is about+1 andx12(¢) is aboutO,

. 5 6 0.85 . 3 3
Theniy®) = | 5 a1+ o ur+ Y A3 x(t —13;0) + [ ). 0. (28)
j#1
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1 0 1 >X;

Fig. 1. The membership function ®f; andxy».

‘1
-1 0 1 =X2j

Fig. 2. The membership function ®$7 andxo».

Subsystem 2:
Rulel: If x21(¢) is aboutO andx22(¢) is aboutO,

3
Then (1) = [ 225 _3?75} xalt) + [ i:gg} up+ Y ALt — 75 (0) + fExa(0), 1),
%2

Rule2: If xo1(¢) is about£1 andx2»(¢) is about—1,

3
. —-3.75 45 0.97 5 2 >
Then x(t) = |: 15 _1.5i| x2(t) + |:0'97:| u + ;Azjxj(t —15;(0) + f5(x2(t), 1). (29)
J
Subsystem 3:
Rulel: If x31(¢) is aboutO andx32(¢) is aboutO,

3
Then i3(t) = [:.168 _2.6} x3(r) + [gzgg] uz+ Y Agxj(t —t3;(0)) + f3(x3(6). 1).
i#3

Rule2: If x31(¢) is about£2 andx3»(¢) is about—1,
3
. -6 7.2 1.02
Then x3(1) = [2.4 _2‘4} x3(t) + [1.02} uz+ ;A%jxj (t — T%,- (1) + fE(xa(t), 1). (30)
J

The membership functions fafi1, x12, x21, x22, x31, andxsz are shown in Figsl-3, respectively.
Moreover, the interconnections among three subsystems are given as

4 _[05 025) 4 [0 05 42 _[025 057 ., _[03 03
2= o o1 “13%T|0 o025|° “12T|025 05|° “1B3T|06 0
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2 -1 0 1 2 =X3j

Fig. 3. The membership function ©#f; andxsz».

initial value x1(0)=[0.1 -0.1]T

—_— 11
- 12

-0.04 2

-0.06F#

0 1 2 3 4 5 6
time(s)

Fig. 4. The state responsesxgf andx1o.

(03 0 0.27 018 0225 0 0.45 0225
= | o] 4= [027 0ar) - = [ 578" aas)- 0= "0” 02e]

27| 0 018 0.27 027 0.45 0225 0 0225
42 _[0 045 42 _[045 045] 4 _[054 O 41 _[0 oo8
2170 0225]° “287|045 o0 |° “%7T| 0 o0324]° “%7 |0 054

_[o54 0547 , _[054 008
(008 0 |° 737|054 008

blxia (1) sin (x,-l(t) + g)

blxia(r) sin (xiz(t) + g)

We choose the controller gain matrick$ for this system as follows:

(i.e., M! = 2Vi,l). Moreover, f] (x; (1), t) = satisfies(A2) for all i, I.

Ki=1[5.25 375, K2=1[6.2875 8625, K3 =[4.125 625, K3 =[7.35 525,
K3 =[5.775 875|, Ki=[4.024 552], K3=1[2.64 40]. (31)
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initial value x2{0)=[2 -0.6]T

— 21
- 22

15

) \
0

0.5y

"o 1 2 3 4 5 6
time(s)

Fig. 5. The state responsesaf, andxos.

By Corollary 1, we check inequality4a), the tolerable bounds ate = 3.4711 b, = 2.8625, and
b3 = 3.231. However, if all the time-delayéj (r) are the same for all rules (i.eé,j. (t) = 7;; forall
andr;; is constant foi, j = 1,2, ..., N). By Corollary2, we choose the same gain matridéfsas @1
and check the inequalityL9g), the tolerable bounds atg = 4.8162 b, = 4.0498, andh3 = 4.3761.
Therefore, the design method of Corolldarys definitely conservative than that of Corolla2yin this
example. In papdi4], the same controller gain matricE$ are chosen, for all /. By Theoren? of paper
[14], the smaller and more conservative perturbation bounds are obtained3.2092,b, = 2.2184,
b3 = 3.1424 (w1 = 0.45, @y = 0.38, w3 = 0.65).

Figs.4-6 show the simulation results of three subsystems with time—dé}ay) = 1foralli,j,I,
y;(t) = 0 for all i, and perturbation bounds ak = 4.8162,b}, = 4.0498, andb; = 4.3761 for alll.

5. Conclusion

Criteria for guaranteeing the stabilizing of the perturbed fuzzy time-delay interconnected systems have
been proposed by using the nonlinear decentralized state feedback controllers. Under using our control
design methods, we only consider thduzzy rules for each subsystem then we can find the controller
gainK!. This method can eliminate the negative effect of the coupled t{ik&' to relax the stabilized
criteria. But meanwhile this method also adds to the other constrant.:h‘ gi1B; andg; > 0Vi, [, then
this constraint can be removed. Moreover, if all the time—de{é];(s) of each subsystem are the same

for all rules (i.e.,rﬁj(t) = r"} (1) = 7;; for all I # m), we also propose less conservative criteria. These

i
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initial value x3(0)=[1.5 -1]T

15 v
— %31
- x32
1
0.5
0 .f"lJ-. 's._.—"‘-'—'-
.~
K4
4
K
-05p-4
!
!
H
4
-1
0 05 1 15 2 25 3 35 4
time(s)

Fig. 6. The state responses\af; andxzs.

criteria do not invoke the solution of the Lyapunov equation or the Riccati equation. We also do not need
to find a common positive matrig; to satisfy any inequality.
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